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SUMMARY:
Continuous wavelet transform (CWT) has recently emerged as a promising tool for identification of modal
properties such as natural frequencies, damping ratios and mode shapes through ambient excitation
measurements of structures.
This paper mainly discusses the capability of CWT method to identify the modal properties accurately using a
numerical application in five storeys frame and two practical applications in a five storeys reinforced concrete
structure with masonry in-fill walls and a three storeys masonry structure. Natural frequencies are identified by
extracting windows paralleled to the frequency axis at wavelet ridges. Damping coefficients are estimated using
the wavelet-based logarithmic decrement method. Finally, a conclusion can be drawn that the continuous
wavelet transform used for the output-only system identification of ambient excitation structures yields a good
agreement with results of the random decrement method and the finite element models.
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1. INTRODUCTION
Currently, ambient vibration measurements are commonly used in the assessment and structural health
monitoring of civil engineering structures such as buildings, bridges and towers because the ambient
vibration testing is cheap and fast, no elaborate excitation equipment are required, no boundary
condition simulations are required and modal properties of the whole system can be estimated using a
modal extraction technique. Furthermore, the extracted modal parameters such as natural periods,
mode shapes and damping ratios can also be used for verifying the design characteristics of a civil
engineering structure and validating the numerical model that can be used to predict the response of a
structure under an extreme loading condition.
Many modal extraction techniques found in the literature, which are developed to estimate the modal
properties using only the output response, can be categorized into three main groups as time domain,
frequency domain and time-frequency domain methods. The frequency domain methods such as
frequency domain decomposition (FDD) (Brincker et al. (2001)) and enhanced frequency domain
decomposition (EFDD) (Brincker et al. (2001)) are commonly used for the extraction of natural
frequencies and mode shapes, but uncertainty in the estimation of damping ratios. In general, time
domain methods such as random decrement (RD) method (Cole (1973)), Ibrahim time domain (ITD)
(Ibrahim (1977)) and the eigen-system realization algorithm (ERA) (Juang and Pappa ( 1985)) are
widely used for damping estimation. The main problem associated with many time domain methods is
how to distinguish structural modes from uncorrelated modes, which are introduced to accommodate
measurement noise, leakage, out-of-band modes and non-linearity, etc. This problem can cause severe
error in damping estimation.
Recently, continuous wavelet transform (CWT) method is used for modal identification of civil
engineering structures using only the output response as a time-frequency domain method. As the
CWT method can decompose of a signal into time-frequency domain using a mother wavelet, multi
degree of freedom (MDOF) systems can be handled directly. Furthermore, it can work as a band-pass

filter and hence, this method can handle very noisy measurements (Staszewski (1997)). Another
advantage of the WT method is that the stationary assumption for an ambient vibration response is not
required. Therefore, this method has many advantages over the other methods in identifying modal
properties using ambient vibration measurements. This method has been used successfully to extract
the natural frequencies and the associated mode shapes using ambient vibration measurements of a
structure (Meo et al. (2006), Le and Tamure (2009)). Regarding the damping estimation, past studies
by Staszewski (1997), Hans et al. (2000), Lamarqre et al. (2000) and Ta and Lardiès (2006) have
highlighted that damping ratios can be estimated adequately accurate through wavelet-based
logarithmic decrement for lightly damped system. However, their studies are limited to either the
impulse response or free decay response of structures.
The main objective of this study is to obtain the modal properties through ambient vibration
measurements of low-rise buildings using CWT method.

2. CONTINUOUS WAVELET ANALYSIS
This section introduces a brief description on the theoretical background of the wavelet transform.
However, authors strongly recommend to readers to refer the key papers to understand the theoretical
background of the method well. Fourier transformation, which is a linear transformation, transform a
given function x(t) in the time domain into the frequency domain using a basic function e-jwt. This can
be represented in the following form:
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This transformation does not include any local time information of the function x(t). Initially, Fourier
transformation of the short time sliding window is used to overcome this limitation by decomposing of
the function into frequency-time domain. However, this method called Short Time Fourier
Transformation (STFT) suffers from time-frequency resolution limitation. Later, CWT is developed to
obtain better spectral decomposition as an alternative method to STFT. The basic idea of the CWT is
to find a function ψ(t), which can generate a basic for the entire domain of function x(t), if a function
x(t) satisfies the condition that x(t) decays to zero at +-α as in the case of Fourier transform. The fast
decay in time domain and the limited band width in frequency domain introduces locality into the
analysis, which is not the case of Fourier transform where a global representation can only be
obtained. The function ψ(t) that is called as an wavelet must satisfy the two admissibility condition:
(1) ψ(t) must be absolutely integral and square integral:
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(2) ψ(t) must be band limited and has zero mean:
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Then, using a wavelet, CWT can be used to decompose of a function x(t) into frequency-time domain
as defined in the following form:
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where ψ*(t) and b are the complex conjugate of ψ(t) and the parameter localizing the wavelet function
in the time domain, respectively and W(a,b) are the CWT coefficients that represent the measure of the
similitude between the function x(t) and the wavelet at the time b and the scale a.
The complex Morlet wavelet is commonly used for continuous wave transform as a basic function.
The complex Morlet wavelet and its Fourier transform can be expressed as:
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f and fc are Fourier frequency and central wavelet frequency. The conversion between Fourier
frequency and the scale a can be established as:
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where fs and a are the sampling frequency and the scale, respectively.

3. NUMERICAL APPLICATION IN A FIVE STOREY FRAME
The first objective of this part of the study is to validate the capability of CWT method to estimate
natural frequencies and damping ratios accurately by decomposing of a time domain free decay
response of a MDOF system into a time-frequency domain.
However, if the response is not free decay, then the two steps procedure is used to estimate the
damping ratio in this study. This procedure could cause severe error in damping estimation when the
response is non-stationary and recorded in a relatively short duration because RD signatures evaluated
in the first step of the procedure may not be proportional to the free decay response. Therefore, the
second objective is to quantify the error associated in estimation of damping ratio using the two steps
procedure when the response is non-stationary and recorded in a relatively short duration.
The third objective is to quantify the error associated in estimation of natural frequencies and mode
shapes when the response is non-stationary and lasts in a short duration. It must be noted that
frequencies are estimated using single step procedure by extracting a window parallel to the frequency
axis of time-frequency plot at wavelet ridges as described in section 2.
For these purposes, a 2D numerical model of a five storey frame to represent a MDOF system is
analysed linear elastically for 50 ground motions, recorded during the past earthquakes. The stiffness
proportional damping modal with 5% of critical damping for the 1st mode of vibration is assumed in
the numerical modal. From the modal analysis, the identified frequencies of the first five translational
modes are 2.1, 8.2, 16.1, 27.8 and 38.5Hz. Figure 1 illustrates the first five translational mode shapes.

Figure 1. Mode shapes of the five translational modes

3. VALIDATING THE CAPABILITY OF CWT METHOD TO ESTIMATE THE MODAL
PROPERTIES
To fulfill the first objective of validating the capability of CWT method to estimate modal properties,
free decay responses are used because they avoids the effects of uncertainty in evaluation of free decay
responses from other types of vibration responses (for an example, evaluation of a free decay response
from an ambient vibration response of a structure using RD method). Therefore, the structure is
analyzed for additional 10 seconds after each earthquake to obtain free decay responses at each storey
level. Then, the free decay responses are decomposed into a time-frequency domain by using CWT
with complex Morlet wavelet. In order to identify the natural frequencies, windows parallel to the
frequency axis at the wavelet ridges in time-frequency plot are extracted. Figure 2(a), (b) and (c) show
the free decay displacement response at the top storey level after an earthquake, its time-frequency
plot and the extracted window parallel to the frequency axis at the wavelet ridge, respectively. It is
clear from Figure 2(b) and (c) that the peak value of the modulus of CWT coefficients corresponds to
the frequency of 2.1Hz which is very close to the 1st mode frequency obtained from the modal
analysis. The difference is less than 1%.

Figure 2. (a) Free decay response at top story, (b) its time-frequency resolution and (c) the extracted window
parallel to frequency axis at the wavelet ridge

Furthermore, a window paralleled to the time axis at the wavelet ridge is extracted from the timefrequency plot to estimate the damping ratio of the corresponding mode of vibration. Figure 3(a) and
(b) show the extracted envelop of the CWT coefficient modulus at the frequency of 2.1Hz and its
semi-logarithmic plot, respectively. Furthermore, Figure 3(c) shows the comparison between the free
decay response and the extracted envelop. They are in good agreement proving that WT coefficients

are proportional to the instantaneous amplitude of the response. The estimated damping ratio
corresponding to the 1st mode is 5.09% which is very close to the assumed damping ratio of 5%. The
difference in the estimation is less than 2%. There is the maximum error of 1% in the estimation of
first mode frequency while it is 2% in estimation of damping ratio of the first mode vibration.

Figure 3. (a) the extracted envelope parallel to frequency axis at the wavelet ridge, (b) semi-logarithmic plot of
the envelope and (c) comparison of free decay response and the wavelet envelop

4. ERROR IN DAMPING RATIO ESTIMATION USING TWO STEPS PROCEDURE SETUP
Figure 4 summarizes the two step procedure to estimate damping ratio in this study. Displacement
response at the first storey level resulting in the input ground motion is obtained and subsequently, the
RD signature is evaluated using the RD method as shown in the step 1(b). It should be noted that the
level crossing triggering technique, which is commonly used in the literature, is adopted in this study.
214 number of segments are used in evaluation of the RD signature shown in Figure 4.

Figure 4. The two step procedure for estimation of damping ratio

The RD signature is then decomposed into time-frequency domain using CWT as shown in Step 2(a).
In the step 2(b), a window parallel to the time axis is extracted at the wavelet ridge and then the semilogarithmic plot of the CWT coefficient modulus is obtained. It is clear that the straight line as shown
in Figure 4(b) is not observed. As a consequence of that a straight line is approximated using linear
regression to the portion of the curve between the two points that are indicated in the black circles in

Figure 4. As shown in Figure 4(d), the amplitudes of the first two cycles are not matched well with the
wavelet due the edge effect. Therefore, the first point represents the third peak where the amplitude of
the response and the real part of the scaled WT coefficient are very close to each other and the second
point represents the peak of the last cycle of the response. Finally, the estimated damping ratio is
5.93% which is 18.7% higher estimation than the assumed damping ratio of 5% for the first mode.
Table 1 presents the earthquake no., duration of the ground motion, number of segments used to
evaluate the RD signature, the duration of the RD signature, estimated damping ratio, estimated
period, error in estimation of damping ratio and the error period of each earthquake. Figure 5 indicates
that the maximum percentage of the error in the estimation of damping ratio is 26%.
Table 1. Details of the properties

Figure 5. Variation of (a) damping ratio (b) period

4. ERROR IN PERIOD ESTIMATION
Figure 6 illustrates the single step procedure used to estimate the natural frequencies of the structure.
The displacement response at the first story level shown in Figure 6(a) is decomposed into a timefrequency domain. Figure 6(b) shows the time-frequency plot. The periods are estimated using an
extracted window parallel to the frequency axis at a wavelet ridge. Figure 6(c) indicated the wavelet
ridge at which the window is extracted. Figure 5(b) shows the variation of error in the estimation of
1st mode frequency of the structure for different ground motions selected in this study. It indicates that
the maximum error in the estimation of period is 6.7%. This highlights the capability of CWT method
with complex Morlet wavelet to estimate the period adequately accurate even using a response which
is non-stationary and lasts in relatively short duration.

Figure 6. (a) The displacement response at the first story level, (b) its time-frequency plot and (c) wavelet ridge

Furthermore, Figure 6(b) illustrates that the frequency of the second mode of vibration can also be
extracted. The extracted frequency is 8.3Hz which is very close to the second mode period of 8.2Hz
obtained from the modal analysis.
Figure 7 shows the comparison of the first and the second mode shapes extracted using CWT and the
modal analysis. They are in very good agreement.

Figure 7. Comparison of the mode shapes obtained using numerical model and the CWT

5. CONCLUSIONS
This study mainly investigates the capability of the continuous wavelet transformation (CWT) method
using Morlet wavelet in estimation of modal properties of low-rise buildings. For this purpose, a
numerical is used. Based on the results of the application following conclusions can be drawn.
It can be concluded that the CWT method can estimate the modal properties accurately when the free
decay response of a MDOF system is analyzed. Furthermore, when a response is non-stationary and
lasts in relatively short duration, the CWT method can estimate the periods and mode shapes
adequately accurate. However, a very significant scatter in estimation of damping ratio is observed
with the maximum error of 26% when the two steps procedure is used. This could be due the fact that
in damping estimation, the evaluation of RD signature for such a non-stationary and short duration
record does not represent the free decay response of the structure.
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